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Abstract
Relative equilibria of symmetric Lagrangian systems correspond to critical points of a function on configuration space called the
amended Lagrangian. This is proved by calculating the action on orbits of one parameter subgroups of the symmetry group.
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Let L :T Q → R define a Lagrangian system which is symmetric under lifts of the action of a Lie group G on Q.
Lewis [2] proves that if a pair (qe, ξe) ∈ Q × g is a relative equilibrium (i.e. (exp ξet)qe is an evolution) then qe is a
critical point of the amended Lagrangian Lξe defined by
Lξe(q) = L(ξeq) where ξq =
d
dt
∣∣∣∣
t=0
exp(ξ t)q.
She proves the converse under the assumption that L is regular.
The result generalizes the same observation in the context of simple mechanical systems [3], where the Lagrangian
is kinetic minus potential, and in which case the Lξe is the effective potential. Using it can avoid computations of
derivatives of the energy and momentum or the computation of the evolution vector field. These are defined on T Q
while Lξe is defined on the relatively more simple space Q.
The action of smooth curve q : [a, b] → Q is by definition
S(q) =
b∫
a
L ◦ dq
dt
dt.
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480 G.W. Patrick / Differential Geometry and its Applications 24 (2006) 479–481Given δq : [a, b] → T Q, such that τQ ◦ δq = q , δq(a) = 0, and δq(b) = 0, i.e. a variation of q , define
dS(q)δq = d
d
∣∣∣∣
=0
b∫
a
L ◦ dq
dt
dt,
where q(t) satisfies
q0(t) = q(t). ∂q
∂
∣∣∣∣
=0
= δq, q(a) = q(a), q(b) = q(b).
The value of dS(q)δq is independent of the choice of such a q corresponding to a given δq . The evolution curves
of the Lagrangian system are those q : [a, b] → Q such that dS(q)δq = 0 for all δq . This kind of formal variational
principle is used very effectively in [1] and is sufficient to determine the evolution, in this context, and in the context of
many first order field theories. The purpose of this note is to show that the result of Lewis follows simply and directly
from this variational principle.
Let δq be a variation of q(t) = exp(ξet)qe. Define
q˜(t) = exp(−ξet)q(t), δq˜(t) = exp(−ξet)δq(t)
so
q˜(a) = q˜(b) = q˜0(t) = qe, δq˜(a) = δq˜(b) = 0, δq˜(t) ∈ TqeQ.
Now
dq
dt
= d
dt
(
exp(ξet)q˜(t)
)= exp(ξet)
(
dq˜
dt
+ ξeq˜(t)
)
,
so, by invariance of L,
dS(q)δq = d
d
∣∣∣∣
=0
b∫
a
L ◦ dq
dt
dt
= d
d
∣∣∣∣
=0
b∫
a
L
(
exp(ξet)
(
dq˜
dt
+ ξeq˜(t)
))
dt
= d
d
∣∣∣∣
=0
b∫
a
L
(
dq˜
dt
+ ξeq˜(t)
)
dt.
By insertion into T τQ, the quantity
d
d
∣∣∣∣
=0
(
dq˜
dt
+ ξeq˜(t)
)
− d
d
∣∣∣∣
=0
(
ξeq˜(t)
)
is seen to be vertical, and a coordinate calculation shows it is equal to
vertξeqe
d
dt
∂q
∂
∣∣∣∣
=0
= vertξeqe
d(δq˜)
dt
,
so
d
d
∣∣∣∣
=0
L
(
dq˜
dt
+ ξeq˜(t)
)
= FL(ξeqe) d
dt
δq˜(t) + d
d
∣∣∣∣
=0
L
(
ξeq˜(t)
)
= d
dt
FL(ξeqe)δq˜(t) + dLξe(ξeqe)δq˜(t).
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dS(q)δq =
b∫
a
d
dt
FL(qe)δq˜(t) dt +
b∫
a
dLξe(qe)δq˜(t) dt
= FL(qe)δq˜(b) − FL(qe)δq˜(a) + dLξe(qe)
b∫
a
δq˜(t) dt
= dLξe(qe)
b∫
a
δq˜(t) dt.
(qe, ξe) is a relative equilibrium if and only if the left side vanishes for all δq , which is equivalent to the right side
vanishing for all δq˜ i.e. dLξe(qe) = 0. It is not necessary to assume that L is regular nor that the group G acts freely.
Fix a < b, fix ξe , and consider the space C of curves q :R→ Q. The one parameter subgroup generated by ξe acts
on C by(
exp(ξeθ)q
)
(t) = exp(−ξeθ)q(t + θ).
There is a map ∂ :C → Q × Q defined by
∂(q) = (q(b), q(a))
and S :C → R is as above. S and ∂ are invariant under the action on C. The relative equilibria are the fixed points of
the action on C which are critical points of S under the constraint that ∂ is constant. By the principle of symmetric
criticality [4] (and in [3] the use of the effective potential to calculate relative equilibria is referred to by this name),
these correspond to the critical points of S restricted to the fixed point set of the action on C, which is exactly what is
proved above.
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